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2Reinforcement Learning
2

Agent Environment
action at

observation st
reward rt
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3The RL Framework
3

Markov Decision Process
(Puterman, 2014; Stratonovich,

1960)
• S set of states: s ∈ S
• A set of actions: a ∈ A
• P(s′|s, a) markovian transition

matrix
• R(s, a) reward function
• γ discount factor
• µ0 distribution on initial state

Agent Environment
action at

observation st
reward rt
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4Example
4

Humanoid:
• State space: angles and velocities of

joints; position of center of mass;
momentum

• Action space: torque on each joint
• Deterministic state transitions
• Reward function:

r(s, a) = vx − 0.005||a||22, where vx
indicates the forward velocity.
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5The RL problem
5

RL problem (Sutton and Barto, 1998): find the optimal policy

πθ : S → ∆(A) θ∗ = argmax
θ∈Θ

J(θ) = argmax
θ∈Θ

E

[
T∑
t=0

γtR(st, at)|at ∼ πθ(·|st)
]

Π

ΠΘ

•
•

θ θ∗

J(θ)
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6Value Functions
6

Traditional Value Functions
(Sutton and Barto, 1998)

Value functions estimate the return Rt =

T−t−1∑
k=0

γkR(st+k+1, at+k+1) of a policy:

• State-value function
V πθ (s) := Eπθ

[Rt|st = s]

• Action-value function
Qπθ (s, a) := Eπθ

[Rt|st = s, at = a]

State and action value functions are related by:

V πθ (s) =


∫
A
πθ(a|s)Qπθ (s, a) da if πθ is stochastic,

Qπθ (s, πθ(s)) if πθ is deterministic.
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7The on-policy policy gradient
7

Problem: Improve a stochastic policy πθ : S → ∆(A) using data collected from
πθ.
Given the objective:

J(θ) =

∫
S
µ0(s)V

πθ (s) ds =

∫
S
µ0(s)

∫
A
πθ(a|s)Qπθ (s, a) dads.

The gradient is:

∇θJ(πθ) =

∫
S
µ0(s)

∫
A
∇θπθ(a|s)Qπθ (s, a) + πθ(a|s)∇θQ

πθ (s, a) dads

= . . .

=

∫
S
dπθ (s)

∫
A
∇θπθ(a|s)Qπθ (s, a) dads,

=

∫
S
dπθ (s)

∫
A
πθ(a|s)∇θ log πθ(a|s)Qπθ (s, a) dads,

where dπθ (s′) =

∫
S

∞∑
t=1

γt−1µ0(s)P (s → s′, t, πθ) ds is the discounted weighting of states

encountered starting from s ∼ µ0(s) and following πθ.
F. Faccio et al. Parameter-based Value Functions
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8The on-policy policy gradient
8

Problem: Improve a deterministic policy πθ : S → A using data collected from
πθ.
Given the objective:

J(θ) =

∫
S
µ0(s)V

πθ (s) ds =

∫
S
µ0(s)Q

πθ (s, πθ(s)) ds.

The gradient is:

∇θJ(πθ) =

∫
S
µ0(s)∇θQ

πθ (s, πθ(s)) ds

= . . .

=

∫
S
dπθ (s)∇θπθ(s)∇aQ

πθ (s, a)|a=πθ(s) ds,

where dπθ (s′) =

∫
S

∞∑
t=1

γt−1µ0(s)P (s → s′, t, πθ) ds is the discounted weighting of states

encountered starting from s ∼ µ0(s) and following πθ.
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9The off-policy RL problem
9

Problem: Find the optimal policy πθ : S → ∆(A) using data collected from a
behavioral policy πb

θ∗ = argmax
θ

J(θ)

Traditional off-policy RL
(Degris et al., 2012; Silver et al., 2014)

J(θ) =

∫
S
dπb(s)V πθ (s) ds =


∫
S
dπb(s)

∫
A
πθ(a|s)Qπθ (s, a) dads if πθ is stochastic,∫

S
dπb(s)Qπθ (s, πθ(s)) ds if πθ is deterministic.

where dπb(s) is the stationary distribution of states in the MDP under πb:
dπb(s) = lim

t→∞
P (st = s|s0, πb)

F. Faccio et al. Parameter-based Value Functions
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10The off-policy policy gradient
10

When the policy is stochastic (Degris et al., 2012):

∇θJ(πθ) =

∫
S
dπb(s)

∫
A
πb(a|s)

πθ(a|s)
πb(a|s)

(Qπθ (s, a)∇θ log πθ(a|s) +∇θQ
πθ (s, a)) dads

≈
∫
S
dπb(s)

∫
A
πb(a|s)

πθ(a|s)
πb(a|s)

(Qπθ (s, a)∇θ log πθ(a|s)) dads.

When the policy is deterministic (Silver et al., 2014):

∇θJ(πθ) =

∫
S
dπb(s)

(
∇θπθ(s)∇aQ

πθ (s, a)|a=πθ(s) +∇θQ
πθ (s, a)|a=πθ(s)

)
ds

≈
∫
S
dπb(s)

(
∇θπθ(s)∇aQ

πθ (s, a)|a=πθ(s)

)
ds.

Problems:
• In off-policy RL, the gradient of the action value function Q with respect to the

policy parameters is often ignored
• Value functions are defined for a single policy. When value functions are updated to

track the learned policy, they forget potentially useful information about old policies
F. Faccio et al. Parameter-based Value Functions
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PVFs
Parameter-based Value Functions

(Faccio et al., 2021)

Parameter-based State-Value Function (PSVF)
V (s,θ) := E[Rt|st = s,θ]

Parameter-based Action-Value Function (PAVF)
Q(s, a,θ) := E[Rt|st = s, at = a,θ]

Parameter-based Start-State-Value Function (PSSVF)
V (θ) := Es∼µ0(s)[V (s,θ)]

F. Faccio et al. Parameter-based Value Functions



12Parameter-based Start-State Value Function
12

Stochastic or deterministic policies
Find the policy πθ maximizing J(θ):

J(θ) = E[R0|θ] = V (θ)

V

πθ
θ E[R0|θ]

s

a

Taking the gradient of J(θ) we obtain:

∇θJ(θ) = ∇θV (θ)

F. Faccio et al. Parameter-based Value Functions



13Parameter-based State-Value Function
13

Stochastic or deterministic policies
Find the policy πθ maximizing J(θ):
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∫
S
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V

πθ
θ

s E[Rt|st = s,θ]

s

a

Taking the gradient of J(θ) we obtain:

∇θJ(θ) = Es∼dπb (s)[∇θV (s,θ)]
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14Parameter-based Action-Value Function
14

Stochastic policies
Find the policy πθ maximizing J(θ):

J(θ) =

∫
S
dπb(s)

∫
A
πθ(a|s)Q(s, a,θ) dads

Q

πθ
θ
s
a E[Rt|st = s, at = a,θ]

s

a

Taking the gradient of J(θ) we obtain:

∇θJ(θ) = Es∼dπb (s),a∼πb(.|s)

[
πθ(a|s)
πb(a|s)

(Q(s, a,θ)∇θ log πθ(a|s) +∇θQ(s, a,θ))

]

F. Faccio et al. Parameter-based Value Functions



15Parameter-based Action-Value Function
15

Deterministic policies
Find the policy πθ maximizing J(θ):

J(θ) =

∫
S
dπb(s)Q(s, πθ(s),θ) ds

Q

πθ
θ
s
a E[Rt|st = s, at = a,θ]

s

a

Taking the gradient of J(θ) we obtain:

∇θJ(θ) = Es∼dπb (s)

[
∇aQ(s, a,θ)|a=πθ(s)∇θπθ(s) +∇θQ(s, a,θ)|a=πθ(s)

]
F. Faccio et al. Parameter-based Value Functions



16Actor-Critic algorithm
16

@FaccioAI
@LouisKirschAI
@SchmidhuberAI

PARAMETER-BASED VALUE FUNCTIONS
FRANCESCO FACCIO, LOUIS KIRSCH AND JÜRGEN SCHMIDHUBER
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PROBLEM AND MOTIVATION

• Reinforcement Learning (RL): find optimal policy π∗
• Policy optimization: given a class of policies, find

the policy parameters maximizing J(πθ) (Sutton et al.,
1999):

J(πθ) =

∫
S
µ0(s)V

πθ (s) ds =

∫
S
µ0(s)

∫
A
πθ(a|s)Qπθ (s, a) da ds

• Problem: value functions are defined for a single pol-
icy. During optimization, the information on previous
policies is potentially lost

OFF-POLICY RL
• Given data obtained from a behavioral policy πb, find

optimal policy πθ∗

• The objective to maximize becomes:

J(πθ) =

∫
S
dπb (s)V πθ (s) ds =

∫
S
dπb (s)

∫
A
πθ(a|s)Qπθ (s, a) dads,

where dπb(s) is the limiting distribution under πb

• Problem: when computing ∇θJ(πθ), traditional off-
policy policy gradients ignore∇θQ

πθ (s, a): the gradient
of the action-value function

• When the policy is stochastic, the gradient is often ap-
proximated (Degris et al., 2012) by:

∇θJ(πθ) ≈ Es∼dπb (s),a∼πb(.|s)
[
πθ(a|s)
πb(a|s)

(Qπθ (s, a)∇θ log πθ(a|s))
]

• When the policy is deterministic, the gradient is often
approximated (Silver et al., 2014) by:

∇θJb(πθ) ≈ Es∼dπb (s)
[
∇aQπθ (s, a)|a=πθ(s)∇θπθ(s)

]

PVFS

• We augment traditional value functions by giving as in-
put also the policy parameters

• PSSVF: Parameter based start-state-value function

V (θ) := E[R0|θ]

• PSVF: Parameter based state-value function

V (s,θ) := E[Rt|st = s,θ]

• PAVF: Parameter based action-value function

Q(s, a,θ) := E[Rt|st = s, at = a,θ]

• Parameter-based value functions (PVFs) are defined for
any policy and can generalize in the policy space

• The term∇θQ(s, a,θ) can be directly computed

• PSSVF directly estimates the RL objective

• PSVF and PAVF are able to both perform direct search
in parameter space AND use Temporal Difference for
learning

PSSVF
• Stochastic or deterministic policies
• Find the policy πθ maximizing J(πθ):

J(πθ) = E[R0|θ] = V (θ)

V

πθ
θ E[R0|θ]

s

a

• Taking the gradient of J(πθ) we obtain:

∇θJ(πθ) = ∇θV (πθ)

PSVF
• Stochastic or deterministic policies
• Find the policy πθ maximizing J(πθ):

J(πθ) =

∫
S
dπb(s)V (s,θ) ds

V

πθ
θ

s E[Rt|st = s,θ]

s

a

• Taking the gradient of J(πθ) we obtain:

∇θJ(πθ) = Es∼dπb (s)[∇θV (s,θ)]

STOCHASTIC PAVF
• Stochastic policies
• Find the policy πθ maximizing J(πθ):

J(πθ) =

∫
S
dπb(s)

∫
A
πθ(a|s)Q(s, a,θ) da ds

Q

πθ
θ
s
a E[Rt|st = s, at = a,θ]

s

a

• Taking the gradient of J(πθ) we obtain:

∇θJ(πθ) = Es∼dπb (s),a∼πb(.|s)
[
πθ(a|s)
πb(a|s)

(Q(s, a,θ)∇θ log πθ(a|s)

+ ∇θQ(s, a,θ))]

DETERMINISTIC PAVF
• Deterministic policies
• Find the policy πθ maximizing J(πθ):

J(πθ) =

∫
S
dπb(s)Q(s, πθ(s),θ) ds

Q

πθ
θ
s
a E[Rt|st = s, at = a,θ]

s

a

• Taking the gradient of J(πθ) we obtain:

∇θJ(πθ) = Es∼dπb (s)
[
∇aQ(s, a,θ)|a=πθ(s)∇θπθ(s)

+ ∇θQ(s, a,θ)|a=πθ(s)

]

ACTOR-CRITIC ALGORITHMS

• PSSVF on LQR using deterministic shallow policies

Optimization after 60 episodes
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trajectory optimization for πθ : πb: •

Off-policy actor-critic with PVFs
Given the behavioral πb, find πθ maximizing J(θ):

1. Collect data with πb (expensive in RL)

2. Use data to train V (θ), V (s,θ) or Q(s, a,θ)

3. Find πθ following∇θJ(πθ) (offline optimization)

4. Set new behavioral πθ ← πb

5. Repeat until convergence

EXPERIMENTS

• Comparison with DDPG (Lillicrap et al., 2015) and
ARS (Mania et al., 2018) using deterministic policies
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Comparison with DDPG (Lillicrap et al., 2015) and ARS (Mania et al., 2018)
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Comparison with DDPG (Lillicrap et al., 2015) and ARS (Mania et al., 2018)
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• A new class of value functions that generalize across policies
• Novel off-policy policy gradient theorems
• New off-policy actor-critic algorithms
• Experimental results comparable with state-of-the-art algorithms

Future works
• Parameter generators
• Policy embedding - dimensionality reduction
• Convergence results
• Extension to RNNs
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