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The RL Framework

» Markov Decision Process
(Puterman, 2014; Stratonovich,
1960)

® S set of states: s € S

® A set of actions: a € A

P(s'|s,a) markovian transition
matrix

R(s,a) reward function
® -~ discount factor

1o distribution on initial state

Parameter-based Value Functions
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I Example )

= Humanoid:

® State space: angles and velocities of
joints; position of center of mass;
momentum

® Action space: torque on each joint

¢ Deterministic state transitions

® Reward function:
r(s,a) = v, — 0.005||al|3, where v,
indicates the forward velocity.
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I —
I The RL problem 3
= RL problem (Sutton and Barto, 1998): find the optimal policy
T
9:S — A(A) 0" = argmax J(0) = argmaxE nytR(st, at)|as ~ mo(-|st)
0co 0co pared
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I Value Functions

Traditional Value Functions
(Sutton and Barto, 1998)

T—t—1
= Value functions estimate the return R; = Z 7kR(st+k+1,at+k+1) of a policy:
k=0

® State-value function
V7 (s) :=En, [Rt|st = $]
® Action-value function
Q™ (s,a) :=E,,[Re|st = s,a, = a
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I Value Functions

Traditional Value Functions
(Sutton and Barto, 1998)

T—t—1
= Value functions estimate the return R; = Z 7kR(st+k+1,at+k+1) of a policy:
k=0

® State-value function
V7 (s) :=En, [Rt|st = $]
® Action-value function
Q7 (s,a) :=E,[Re|st = s,a; = a

m State and action value functions are related by:

VTe(s) = /A mo(als)Q™ (s, a) da if mg is stochastic,

Q7 (s, mo(s)) if T is deterministic.
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I The on-policy policy gradient

= Problem: Improve a stochastic policy mg : S — A(A) using data collected from
.
m Given the objective:

J7(8) = /S 1o (5) V™ (5) ds = /S 1o (s) /A 70(a]$)Q™ (s, a) da ds.
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I The on-policy policy gradient

= Problem: Improve a stochastic policy mg : S — A(A) using data collected from
.
m Given the objective:

J7(8) = /S 1o (5) V™ (5) ds = /S 1o (s) /A 70(a]$)Q™ (s, a) da ds.

m The gradient is:

Vo (re) = /S o (s) /A Voro(als)Q™ (s, a) + 7o (als)VeQ™ (s, a) dads

:/d’“’(s)/ Vomo(als)Q™ (s,a)dads,

S A

= [ () [ mo(als)Volog mo(als) Q" (s,a) dads,
S A

F. Faccio et al. Parameter-based Value Functions



I The on-policy policy gradient

= Problem: Improve a stochastic policy mg : S — A(A) using data collected from
.
m Given the objective:

J7(8) = /S 1o (5) V™ (5) ds = /S 1o (s) /A 70(a]$)Q™ (s, a) da ds.

m The gradient is:

Vo (m) = /S 10(s) /A Voro(als)Q™ (s, a) + 7o (als)VeQ™ (s, a) dads

_ / a7 (s) / Vormo(als)Q™ (s, a)dads,
S A

= [ () [ mo(als)Volog mo(als) Q" (s,a) dads,
S A

where d™ (s') = / Z'yt_luo(s)P(s — &', t,79) ds is the discounted weighting of states
S =1

encountered starting from s ~ uo(s) and following mg.
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I The on-policy policy gradient

m Problem: Improve a deterministic policy mg : S — A using data collected from
-
m Given the objective:
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I The on-policy policy gradient

m Problem: Improve a deterministic policy mg : S — A using data collected from
-
m Given the objective:

m The gradient is:

Vo (me) = /S 116(5)V6Q™ (s, 7o (s)) ds

_ / 4™ (5) Vim0 (5)Va Q™ (5,0) [arry (o) s,
S
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I The on-policy policy gradient

m Problem: Improve a deterministic policy mg : S — A using data collected from
-
m Given the objective:

m The gradient is:

Vo (me) = /S 116(5)V6Q™ (s, 7o (s)) ds

_ / 4™ (5) Vim0 (5)Va Q™ (5,0) [arry (o) s,
S

where d™ (s') = /s Z’yt_luo(s)P(s — s',t,m) ds is the discounted weighting of states
t=1

encountered starting from s ~ po(s) and following 7.
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I The off-policy RL problem ?

= Problem: Find the optimal policy mg : S — A(A) using data collected from a
behavioral policy

0* = arg max J(0)
0
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I The off-policy RL problem ?

= Problem: Find the optimal policy mg : S — A(A) using data collected from a
behavioral policy

0* = arg max J(0)
0

Traditional off-policy RL
(Degris et al., 2012; Silver et al., 2014)

/ d’”’(s)/ mo(als)Q™® (s,a) dads if g is stochastic,
A

d™ (s)Q™° (s, me(s)) ds if T is deterministic.
s

7(6) = /S ™ (5)V™0 () ds —
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I The off-policy RL problem ?

= Problem: Find the optimal policy mg : S — A(A) using data collected from a
behavioral policy

0* = arg max J(0)
0

Traditional off-policy RL
(Degris et al., 2012; Silver et al., 2014)

/ d’”’(s)/ mo(als)Q™® (s,a) dads if g is stochastic,
A

d™ (s)Q™° (s, me(s)) ds if T is deterministic.
s

J(0) = /s d™(s)V7™ (s)ds =

where d™ (s) is the stationary distribution of states in the MDP under m,:

= d™(s) = 7:lim P(s¢ = s|so,m)
oo
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10

I The off-policy policy gradient

= When the policy is stochastic (Degris et al., 2012):

VeoJ(me) = /S ™ (s) /A wb(a|s)“z(“|s) (Q™ (s,a)Ve log ma(als) + VeQ™ (s,a)) dads

(als)
~ /S ™ (s) /A 7rb(a|s)%(6f9(s,a)ve log o (als)) dads.
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10

I The off-policy policy gradient

= When the policy is stochastic (Degris et al., 2012):

VeoJ(me) = /S ™ (s) /A Trb(a|s)mz((a|s)) (Q™ (s,a)Ve log ma(als) + VeQ™ (s,a)) dads
~ /S ™ (s) /A 7rb(a|s)%(6f9(s,a)ve log o (als)) dads.

m When the policy is deterministic (Silver et al., 2014):

VeoJ(me) = /sdm’ (s) (Vgﬂ'g(s)VaQ”" (5,a)la=rg(s) + VaQ™ (s, a)|a:,,e(s)) ds

~ /deb (s) (VOWB(S)VGQWG (sva)|a=7r9(5)) ds.
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10

I The off-policy policy gradient

= When the policy is stochastic (Degris et al., 2012):

VeoJ(me) = /S ™ (s) /A wo(als) ") (070 (5. 0) Vg log e (als) + Ve Q™ (s, a)) dads

(als)
~ (s s asL;(als) "0 (s,a me(als)) dads
~ [ [ mal) T8 (@ (5.0 o log mo(als) dads

m When the policy is deterministic (Silver et al., 2014):

VeoJ(me) = /sde (s) (V@F@(S)VGQWB (5,a)la=rg(s) + VaQ™ (s, a)|a:,,e(s)) ds

~ /deb (s) (VOWB(S)anWG (Sva)|a=7r9(5)) ds.

= Problems:
® |In off-policy RL, the gradient of the action value function @) with respect to the
policy parameters is often ignored
® Value functions are defined for a single policy. When value functions are updated to
track the learned policy, they forget potentially useful information about old policies
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PVFs

Parameter-based Value Functions
(Faccio et al., 2021)

m Parameter-based State-Value Function (PSVF)
V(s,0) :=E[R|s; = s, 0]

m Parameter-based Action-Value Function (PAVF)
Q(s,a,0) :=E[R¢|st = s,a; = a, 0]

m Parameter-based Start-State-Value Function (PSSVF)
V(0) := Egpo9)[V (s, 0)]
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I Parameter-based Start-State Value Function 2

m Stochastic or deterministic policies
m Find the policy mg maximizing J(6):

m Taking the gradient of J(0) we obtain:

Vo (0) = VoV (0)

F. Faccio et al. Parameter-based Value Functions



I Parameter-based State-Value Function B

m Stochastic or deterministic policies

m Find the policy mg maximizing J(6):

0) = /8 4 (5)V (s, 0) ds

a,

:71'9
: =

T S V E[Rt|5t = 870]
S

» Taking the gradient of J(€) we obtain:

VOJ(O) s~d”b(s) [VGV(S 0)]

F. Faccio et al. Parameter-based Value Functions



I Parameter-based Action-Value Function 1

m Stochastic policies

» Find the policy 7y maximizing J(0):

J(0) /d’”’ / (s,a,0)dads

a,
| T
: |
—Z» Q E[R|sy = s,a; = a, 0]
s

m Taking the gradient of J(€) we obtain:

7o(als)
my(als)

VHJ(Q) = Esuam (s),a~my(.|s) [ (Q(Sy a, G)Ve lOg e (a|8) + VQQ(S7 a, 0))

F. Faccio et al. Parameter-based Value Functions



I Parameter-based Action-Value Function 1

m Deterministic policies

» Find the policy 7y maximizing J(0):

J(0) = /S 4™ (5)Q(s, 70(5), 0) ds

a
To
( ] (7]
Z Q i—vE[Rt|st =s,a; = a,0]
s

» Taking the gradient of J(€) we obtain:

V(-)J(B) =E g (s) [VGQ(S, a, 9)|a:T9(S)V9779 (S) + VQQ(S, a, 0)|l1:ﬂ'9(5)]
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I Actor-Critic algorithm 10

* PSSVF on LQR using deterministic shallow policies

Optimization after 60 episodes

Off-policy actor-critic with PVFs
Given the behavioral 7, find 79 maximizing .J(6):

Return

1. Collect data with 7, (expensive in RL)

2. Use data to train V/(0), V (s, 0) or Q(s,a,0)

3. Find 7 following Vg .J(g) (offline optimization)
4. Set new behavioral g < 7,

5. Repeat until convergence

Return
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Experiments 17
Shallow policies

» Comparison with DDPG (Lillicrap et al., 2015) and ARS (Mania et al., 2018)
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Experiments 18
Deep policies

» Comparison with DDPG (Lillicrap et al., 2015) and ARS (Mania et al., 2018)
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I Discussion and Conclusions 9

m Contributions

® A new class of value functions that generalize across policies
Novel off-policy policy gradient theorems

New off-policy actor-critic algorithms

Experimental results comparable with state-of-the-art algorithms

Parameter-based Value Functions




I Discussion and Conclusions 9

m Contributions

® A new class of value functions that generalize across policies

® Novel off-policy policy gradient theorems

® New off-policy actor-critic algorithms

® Experimental results comparable with state-of-the-art algorithms

m Future works

® Parameter generators

® Policy embedding - dimensionality reduction
® Convergence results

¢ Extension to RNNs
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