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PROBLEM AND MOTIVATION

• Reinforcement Learning (RL): find optimal policy π∗
• Policy optimization: given a class of policies, find

the policy parameters maximizing J(πθ) (Sutton et al.,
1999):

J(πθ) =

∫
S
µ0(s)V

πθ (s) ds =

∫
S
µ0(s)

∫
A
πθ(a|s)Qπθ (s, a) da ds

• Problem: value functions are defined for a single pol-
icy. During optimization, the information on previous
policies is potentially lost

OFF-POLICY RL
• Given data obtained from a behavioral policy πb, find

optimal policy πθ∗

• The objective to maximize becomes:

J(πθ) =

∫
S
dπb (s)V πθ (s) ds =

∫
S
dπb (s)

∫
A
πθ(a|s)Qπθ (s, a) dads,

where dπb(s) is the limiting distribution under πb

• Problem: when computing ∇θJ(πθ), traditional off-
policy policy gradients ignore∇θQ

πθ (s, a): the gradient
of the action-value function

• When the policy is stochastic, the gradient is often ap-
proximated (Degris et al., 2012) by:

∇θJ(πθ) ≈ Es∼dπb (s),a∼πb(.|s)
[
πθ(a|s)
πb(a|s)

(Qπθ (s, a)∇θ log πθ(a|s))
]

• When the policy is deterministic, the gradient is often
approximated (Silver et al., 2014) by:

∇θJb(πθ) ≈ Es∼dπb (s)
[
∇aQπθ (s, a)|a=πθ(s)∇θπθ(s)

]

PVFS

• We augment traditional value functions by giving as in-
put also the policy parameters

• PSSVF: Parameter based start-state-value function

V (θ) := E[R0|θ]

• PSVF: Parameter based state-value function

V (s,θ) := E[Rt|st = s,θ]

• PAVF: Parameter based action-value function

Q(s, a,θ) := E[Rt|st = s, at = a,θ]

• Parameter-based value functions (PBVFs) are defined
for any policy and can generalize in the policy space

• The term∇θQ(s, a,θ) can be directly computed

• PSSVF directly estimates the RL objective

• PSVF and PAVF are able to both perform direct search
in parameter space AND use Temporal Difference for
learning

PSSVF
• Stochastic or deterministic policies
• Find the policy πθ maximizing J(πθ):

J(πθ) = E[R0|θ] = V (θ)

V

πθ
θ E[R0|θ]

s

a

• Taking the gradient of J(πθ) we obtain:

∇θJ(πθ) = ∇θV (πθ)

PSVF
• Stochastic or deterministic policies
• Find the policy πθ maximizing J(πθ):

J(πθ) =

∫
S
dπb(s)V (s,θ) ds

V

πθ
θ

s E[Rt|st = s,θ]

s

a

• Taking the gradient of J(πθ) we obtain:

∇θJ(πθ) = Es∼dπb (s)[∇θV (s,θ)]

STOCHASTIC PAVF
• Stochastic policies
• Find the policy πθ maximizing J(πθ):

J(πθ) =

∫
S
dπb(s)

∫
A
πθ(a|s)Q(s, a,θ) da ds

Q

πθ
θ
s
a E[Rt|st = s, at = a,θ]

s

a

• Taking the gradient of J(πθ) we obtain:

∇θJ(πθ) = Es∼dπb (s),a∼πb(.|s)
[
πθ(a|s)
πb(a|s)

(Q(s, a,θ)∇θ log πθ(a|s)

+ ∇θQ(s, a,θ))]

DETERMINISTIC PAVF
• Deterministic policies
• Find the policy πθ maximizing J(πθ):

J(πθ) =

∫
S
dπb(s)Q(s, πθ(s),θ) ds

Q

πθ
θ
s
a E[Rt|st = s, at = a,θ]

s

a

• Taking the gradient of J(πθ) we obtain:

∇θJ(πθ) = Es∼dπb (s)
[
∇aQ(s, a,θ)|a=πθ(s)∇θπθ(s)

+ ∇θQ(s, a,θ)|a=πθ(s)

]

ACTOR-CRITIC ALGORITHMS

• PSSVF on LQR using deterministic shallow policies

Optimization after 60 episodes
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trajectory optimization for πθ : πb: •

Off-policy actor-critic with PBVFs
Given the behavioral πb, find πθ maximizing J(θ):

1. Collect data with πb (expensive in RL)

2. Use data to train V (θ), V (s,θ) or Q(s, a,θ)

3. Find πθ following∇θJ(πθ) (offline optimization)

4. Set new behavioral πθ ← πb

5. Repeat until convergence

EXPERIMENTS

• Comparison with DDPG (Lillicrap et al., 2015) and
ARS (Mania et al., 2018) using deterministic policies

Shallow policies
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Deep policies
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• Zero-shot learning performance of PSSVF using deter-
ministic shallow policies
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